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Response of Laser Heat Exchangers to
Unsteady Spatially Varying Input

A. K. Cousins*
Spectra Technology Inc., Bellevue, Washington 98004

The response of pulsed gas laser heat exchangers to periodic temperature input is analyzed theoretically, and
an analytical solution for the decay of thermal pulses with heat exchanger length is presented. A closed-form
solution for the response of thermalizers to unsteady and spatially varying input is also developed.
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Nomenclature
cold fluid capacity rate, W/K
cold fluid fixed capacity, J/K
hot fluid capacity rate, W/K
hot fluid fixed capacity, J/K
maximum of (Cc, Ch)
minimum of (Cc, Ch)
wall fixed capacity, J/K
laser pulse repetition frequency
number of thermalizer flow passages
heat exchanger length in flow direction
total heat transfer resistance (K/W) between wall
and cold fluid
total heat transfer resistance (K/W) between wall
and hot fluid
Stanton number
cold fluid (coolant) temperature
hot fluid (gas) temperature
wall temperature
LCC/C'C
LCh/C'c
1/(C'CRC)

5c(w) = see Eq. (10)
dh(u) = see Eq. (10)
A = diameter (fin spacing) of an individual thermalizer

flow passage
7c(«) = seeEq. (9)
7*(o>) =seeEq. (9)

Introduction

R ESTORATION of laser gas temperature uniformity is a
critical requirement in closed-loop, pulsed discharge

lasers and is brought about by the incorporation of a gas-to-
liquid heat exchanger and possibly by a thermalizer into the
laser gas flow loop. Cassady1 gives a review of design issues in
compact, laser-flow loops to which the reader is referred for
background information. As a result of the periodic dis-
charges in the laser cavity, a train of alternating hot and cold
gas regions is convected around the flow loop to the heat
exchanger (see Fig. 1). In general, these temperature variations

are nommiform in both space and time and must typically be
attenuated from initial levels of the order of 100 to 0.1 K or
less before being convected back into the discharge region.

The present work addresses these questions of spatial and
temporal nonuniformity in inlet conditions. The motivation
for the study is that an understanding of the heat transfer
characteristics of laser heat exchangers can lead to significant
improvements in their compactness, weight, and coolant flow
requirements.

Although there is a large body of work in the literature on
the transient response of heat exchangers,2'7 most of the work
of which the author is aware deals with initial transients and
not the steady periodic conditions which occur in a laser-flow
loop (with the exception of work on periodic-flow regenera-
tors, which are a somewhat different case). Paynter and Taka-
hashi,7 for example, present rather general transient solutions
in Laplace-transformed form; the solutions are so general,
however, that they can be inverted to the time domain in
approximate form only. Other authors2 have presented step-
function response curves and correctly state that all other
transient inlet conditions can be synthesized frorri these data
using DuhanePs theorem; however, this is an extremely diffi-
cult way to approach a steady periodic problem—especially
since most of the step-function response data are given in
numerical or graphical form. Finally, to the best of the au-
thor's knowledge, the bulk of the existing work does not
consider the effects of heat transfer between adjacent gas flow
passages in a heat exchanger or thermalizer subjected to spa-
tially nonuniform input temperature.

At the time of publication, the author was apprised by a
referee of a closely related work by Kulkarny et al.8 The
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Fig. 1 Alternating hot and cold gas regions arriving at heat ex-
changer inlet.
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approach of Ref . 8 differs from the present work in that the
basic equations are averaged over a number of flow passages,
leading to an approximate partial differential equation rather
than the differential-difference equation solved here [Eq.
(26)]. However, the primary conclusions of Ref. 8 are in
agreement with those presented here.

Mathematical Model
The major assumptions used in developing the model are

identical to those used in standard steady-state heat exchanger
theory3 and are listed as follows.

1) The fluid and wall temperatures are functions of time and
one spatial dimension (the flow direction). In the thermalizer
analysis, temperatures are also allowed to vary in the direction
transverse to the flow and the thermalizer fins.

2) The heat transfer between the fluids and the solid walls is
modeled by lumped thermal resistances (heat transfer coeffi-
cients).

3) The mass flow rates of both fluids are assumed to be
constant.

4) Conduction of heat along the walls in the flow direction
is neglected relative to fluid-to-wall heat transfer. This as-
sumption is only necessary in the case of steady-state heat
transfer (co = 0). In the following discussion, it will be demon-
strated that in the periodic case, the wall temperature is not
changed appreciably by the gas temperature oscillations. Thus
longitudinal conduction in the walls is not relevant to the
calculation of the gas temperature.

In addition to these standard assumptions, it will be as-
sumed that the cross-parallel flow heat exchanger can be re-
presented by a purely parallel flow model. Kays and London2

show that this approximation is valid for small values of the
gas-to-liquid capacity ratio; this requirement is satisfied in
laser applications (see the example calculation below). In fact,
in the following discussion, it will be shown that the coolant
flow configuration has no bearing on the unsteady heat trans-
fer characteristics of a laser heat exchanger (although it cer-
tainly is important in steady heat transfer).

Given the preceding assumptions, the relevant conservation
equations can be developed from an energy balance on a
differential element of the heat exchanger. These equations
are presented below following Ref. 3:
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At the inlet to the heat exchanger (x = 0), the gas tempera-
ture is typically a train of square wave pulses in time, which
can be represented by a Fourier expansion:

7X0,0= (4)

This initial condition suggests a solution for the temperature
response with the same time dependence:

T(x,t)= Tn(x) expO'co,,*) (5)

Solutions of this form are assumed for the wall temperature
and both fluid temperatures. In the following development,
the subscript n and the exponential time dependence are sup-
pressed for notational simplicity.

Substituting the preceding assumed form into Eqs. (1-3)
gives ordinary differential equations for the fluid tempera-

tures and an algebraic equation (whose solution is given be-
low) for the wall temperature:

(6)

T — —* w — ./co •

(7)

(8)

Note that Eq. (8) has been used to simplify Eqs. (6) and (7).
The constants 6/,(co) and yh(u) in Eq. (6) are defined by

(9)Aft*

c\ Pwc + Pwh
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The analogous relations for 7c(co) and 6c(co) are obtained by
transposing the c and h subscripts in Eq. (9) and (10).

Equations (6) and (7) can be solved via Laplace transforma-
tions in x, defined as follows:

(11)

(12)

(13)

> = r(x)e-5*d*
Jo

The transformed versions of Eqs. (6) and (7) are

[s+7c(co)]r* = rc(0) +

Solving Eqs. (12) and (13) for the transform of the hot fluid
temperature yields

0WC + 0Wh

7c(0) = 6C(0) = / wh "c

(14)

Again, an analogous equation holds for the transform of the
cold fluid temperature.

The cases co = 0 and co ̂  0 will now be considered separately.
For co = 0, i.e., steady-input fluid temperatures, we have

(15a)

(15b)

and Eq. (14) can be easily inverted to give the steady-state
response to the mean hot gas temperature:

(16)

The restored subscript 0 indicated the zeroth harmonic, i.e.,
the mean component of the fluid temperatures. The first term
in Eq. (16) represents the asymptotic temperature reached by
both the hot and cold fluids in the limit as the heat exchanger
becomes infinitely long, whereas the second term represents
the decaying temperature difference between the hot fluid and
this asymptotic temperature.

7*(0)[7ofc(0)-7oc(0)
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The decay of the nonzero wave number modes is the focus
of this study and can be calculated exactly by inverting Eq.
(14). However, a great deal of algebraic complexity can be
obviated by examining the orders of magnitude of various
terms. In typical laser applications

(17)

due to the large thermal capacity of the exchanger walls (see
the next section for typical magnitudes). Equations (9) and
(10) can then be simplified, for small (ftw/w) and (j8w*/(i>), to

(18)

CO2 CO

Using this result, it can be shown that

Re[6c (co)6/, (co)] < Re|/yc (co)7/j (co)]

Im[6c(co)^(co)] < Im[Tc(co)7^(co)]

The inverse of Eq. (14) is then simply

Tnh(Q),

(20a)

(20b)

(21)

Note that Tnc = 0 for n 5* 0 since the coolant inlet temperature
is assumed to be steady in time.

The meaning of the preceding approximation is that the
temporal period of oscillation of the unsteady temperature
input (i.e., the laser pulse repetition period) is much shorter
than the time required for heat transfer from either fluid to
change the temperature of the exchanger walls. The implica-
tion of this is evident in Eq. (21): the unsteady component of
the temperature input travels through the exchanger with un-
changed shape (i.e., minimal dispersion) but exponentially
decaying amplitude.

As far as the gas temperature oscillations are concerned, the
heat exchanger walls represent an infinite thermal capacitance.
In fact, this situation corresponds exactly to that in a thermal-
izer. Thermalizers are essentially heat exchangers that do not
transfer heat to a coolant; they serve only to smooth tempera-
ture oscillations in the gas stream leaving a conventional heat
exchanger and do not provide any net energy removal. Thus,
Eq. (21) applies also to thermalizers used in laser applications.

Example Calculation
In order to give a sense of the numerical magnitudes in-

volved, an actual laser design will be analyzed. The laser is a
150-W CO2 laser operating at 50 HZ, and a 12-fin/in. alumi-
num heat exchanger is a cross-parallel flow configuration is
used. The coolant in a 30% mixture of ethylene glycol in
water. The relevant parameters for this laser are

Gas maximum inlet temperature = 401 K
Gas minimum inlet temperature = 300 K
Gas mean outlet temperature = 300 K
Coolant inlet temperature = 298 K
\/Rh = 498 W/K
\/Rc = 1125 W/K
Ch = 98 W/K
Cc = 1306 W/K
Ci = 8500 J/K
co1 = 27r(50Hz) = 314s-1

Exchanger length = 8 cm

Based on these parameters, we can calculate

iwc = 1.32 x lO-'s-1

0h/ah =6.33x 10-^m.-1

Coolant outlet temperature = 299.5 K
Peak-to-peak gas temperature

oscillations at outlet = 0.64 K

Thermalizer Response to Unsteady and
Spatially Varying Input

The response of thermalizers will now be examined in a
similar way; the analysis is slightly more general in that the
thermalizer input temperature profile, as well as being un-
steady, is allowed to have an arbitrary spatial variation trans-
verse to the flow direction. These conditions are typical for
actual thermalizers. In general, the thermalizer is downstream
of the heat exchanger, whose thermal residue will exhibit
spatial variations as well as temporal ones. There may be a
mean gradient of temperature across the channel as a result to
the heated gas having flowed around bends in the flow loop;
in addition, there will be periodic thermal wakes from the heat
exchanger fins due to the exit temperature difference between
the fins and gas. Thermalizers act to smooth all of these
variations.

The thermalizer is typically a series of parallel plates with
gas flowing between them; in fact, the usual practice is to use
a tube-and-plate crossflow heat exchanger without a coolant
as a thermalizer. Equations similar to Eqs. (1-3) can;be writ-
ten; however, in this case they are written for an individual gas
flow passage in the thermalizer in order to allow for transverse
variation of the gas temperature. Figure 1 illustrates this ge-
ometry; assuming a total of K such parallel passages, the
equations for the kih passage take the form of two coupled
partial differential-difference equations:

dt

(22)

(23)

If we again assume periodic temperature variations, the fol-
lowing equation for the gas temperature can be derived:

ah~ /co •
(24)

This differential-difference equation can be solved in closed
form. Two separate cases will be distinguished. The first case
is 0)5*0, i.e., unsteady spatially varying gas input tempera-
ture. The approximation used in the heat exchanger analysis is
invoked again, i.e., &wh < co; the right side of Eq. (24) is
therefore negligible, and the equation for the kth passage is
uncoupled from the equations for the other passages. The
solution to Eq. (24) is then

exp[-6-+-V1L \oih ah/ J
(25)

This result is analogous to Eq. (21) and implies that the
nonsteady components of the input temperature distribution
decay exponentially with distance along the thermalizer; the
decay envelope is independent of the initial spatial distribution
of temperature.

The second case arising from Eq. (24) is co = 0, i.e., the
steady part of the nonuniform temperature distribution. In
this case Eq. (24) reduced to

(26)
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Note that this equation resembles a diffusion equation in two
spatial dimensions whose right side has been discretized via
central differencing. This leads us to expect that the initial
transverse temperature distribution should diffuse away with
increasing x.

The solution to Eq. (26) can be obtained by performing a
discrete Fourier cosine transform9 in the k direction. This
transform and its inverse are defined by

9#-i
An-f- where yk 2K

K-l

(27a)

(27b)
7 = 1

Here K is the total number of gas flow passages in the thermal-
izer. The particular form of the cosine transform is chosen to
satisfy the boundary conditions at the heat exchanger walls,
which are assumed to be insulated. This implies that

(28a)

(28b)

The preceding cosine transform satisfies these boundary con-
ditions, as can be verified by direct substitution. The discrete
Fourier transform of Eq. (19) is then, after simplification,

(29)

Solving this equation and performing the inverse discrete
transform yields the final solution for the spatially varying
temperature field:

(30)exp - -cos —

Discussion
The response of heat exchangers to steady spatially uniform

temperature inputs has been well characterized and can be
calculated by standard methods.2 The following discussion
will focus on unsteady and spatially inhomogenous inlet con-
ditions. Therefore, the solutions just derived for thermalizer
will be examined; heat exchangers respond in essentially the
same manner as thermalizers under these conditions.

Equation (25) represents the thermalizer response to the
unsteady components of the inlet temperature distribution.
These unsteady components undergo an exponential decay in
amplitude as they travel through the thermalizer. It is useful to
more that the decay constant d3h/ah) is related to the Stanton
number by

Dh
(31)

where Dh is the hydraulic diameter of an individual passage
(twice and fin spacing A in the flat-plate case) in the thermal-
izer, and St is the Stanton number. This form is convenient
because heat exchanger heat transfer correlations generally
give the Stanton number as as function of the gas Prandtl and
Reynolds numbers and the exchanger core geometry.2

The thermalizer response to steady, spatially varying inlet
temperature fields is given by Eq. (30). An exponential decay
with distance is again evident, but the decay constant is depen-
dent on the relative wave number (j/K) of the transverse

temperature field. Evidently that higher wave number trans-
verse modes decay more rapidly than the low wave number
modes.

Figure 2 illustrates the predicted responses to both steady
and unsteady inlet conditions. The curves are the decay en-
velopes predicted by Eqs. (25) and (30). Evidently the steady
transverse modes always decay more slowly than the unsteady
modes; however, high wave number steady transverse modes
are attenuated almost as well as the unsteady modes in a
thermalizer. As the value of the relative wave number (J/K)
approaches one, the decay rate of the steady modes ap-
proaches that of the unsteady modes.

Figure 3 shows the decay of a steady linear transverse tem-
perature gradient with downstream distance as a function of
the relative transverse coordinate (k/K). Clearly, the tempera-
ture gradient decays extremely slowly with distance. In typical
laser, the value of x/3h/ah is much less than to (see the preced-
ing example calculation and, therefore, steady transverse gra-
dients decay minimally through the thermalizer. The reason
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Fig. 2 Decay of steady and unsteady transverse temperature modes
with distance: — steady transverse modes; —— unsteady transverse
modes.
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Fig. 3 Decay of linear transverse temperature gradient with distance.
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for this behavior is that the linear gradient has a significant
amount of low-frequency spatial content and therefore decays
slowly according to Eq. (30).

One heat exchanger design strategy is to utilize a cross-par-
allel flow configuration without a separate thermalizer. The
cross-parallel design has a lower thermal effectiveness than a
cross-counterflow configuration with the same operating
parameters; however, this is compensated for by the fact that
the cross-parallel configuration has smaller exit temperature
differences between gas and coolant, leading to smaller ther-
mal wake amplitudes downstream of the heat exchanger. The
data in Figure 2 suggest an alternative design approach: a
short cross-counterflow heat exchanger with a relatively large
exit temperature difference between gas and coolant in tandem
with a thermalizer of the same fin density downstream of the
heat exchanger. Because of the higher thermal effectiveness of
the counter flow configuration, coolant pumping requirements
are minimized. The thermalizer serves to efficiently smooth
out the temperature variations in the fin wakes of the heat
exchanger, which have the same spatial frequency as the ther-
malizer fins (j/K = 1) and thus decay rapidly in the thermal-
izer.

In closing, it should be noted that the theory developed here
uses "macroscopic" heat exchangers theory, i.e., it is based
on lumped heat transfer resistances and does not consider the
details of the temperature and velocity distributions in individ-
ual passages; the same limitation is present in the analysis of
Kulkarny et al.8 It has been implicitly assumed that the heat is
the same in both the steady and unsteady cases. In general this
is not true, and it is important to understand the nature of the
errors introduced by this assumption. The author has demon-
strated in a related work10 that the heat transfer coefficient in
unsteady flow is bounded from below by the steady heat
transfer coefficient. Thus the actual decay rates are larger than
those predicted by the analysis presented here. In the context
of laser heat exchanger design, this is a conservative error
since the objective in this case is to minimize temperature
variations.
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